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Abstract. It is well-known that for a group of time-consistent decision makers their collective time preferences may become time-inconsistent. In particular, Jackson and Yariv
([15]) show that aggregating heterogeneous exponential discount functions yields a function that exhibits what they call “present bias”. In a continuous-time setting “present
bias” is equivalent to strictly decreasing impatience (DI). Applying the notion of comparative DI introduced by Prelec ([22]), we generalise Jackson and Yariv’s result: mixing
any finite number of heterogeneous discount functions from the same DI equivalence class
(such as exponential discount functions) yields a mixture that exhibits uniformly more DI
than each component. We also obtain necessary and sufficient conditions for mixtures of
DI-ordered – but not necessarily DI-equivalent – functions to be uniformly more DI than
the least DI component. For suitably smooth discount functions, Prelec ([22]) also defines
a local index of DI. We use this to obtain local versions of our results, which apply to
mixtures of any finite set of (smooth) discount functions. Our main theorems generalise
a number of specialised results in the decision theory and survival analysis literatures.
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Introduction

In the context of intertemporal choice, there are various situations which call for the
use of mixtures (weighted averages) of discount functions to evaluate streams of outcomes.
Consider, for example, a utilitarian Social Planner aggregating the preferences of a group
of discounted utility maximisers over a common consumption stream. If all members of
the group share a common utility function but have heterogeneous discount functions,
the utilitarian will maximise discounted utility using a discount function that is a mixture of the individual discount functions. Jackson and Yariv ([16]) further show that if
each individual discount function is exponential, any social welfare function that respects
unanimity must be utilitarian. Mixtures of discount functions also arise when a Planner
is uncertain about the appropriate discount factor to apply to distant future consumption
streams, as in the analysis of Gollier and Weitzmann ([28], [12]). Recent evidence from
neuropsychology even suggests that individuals make intertemporal choices by aggregating different internal motives, leading to preference representations involving mixtures of
discount functions ([18]).
It is therefore of interest to understand the properties of mixed discount functions. It is
well known that these properties may differ in significant ways from those of the functions
being mixed. Jackson and Yariv demonstrate ([15, Proposition 1]) that any non-trivial
mixture of heterogeneous exponential discount functions will exhibit strictly decreasing
impatience – whenever two dated outcomes have the same discounted utility (with respect
to the mixed discount function), delaying both dated outcomes by the same amount of
time will produce a strict preference for the later of the two.1 Similar phenomena have
been observed by several other authors, including, most recently, by Pennesi ([20, Theorem
1]).
Related results may also be found in reliability theory, or survival analysis, where mixtures of survival functions are considered.2 A survival function is the decumulative distribution function for a random “failure” time. Such functions therefore have similar mathematical properties to discount functions. Indeed, discounting is sometimes motivated by
uncertainty about one’s time of death. When pooling data on the same “component”
installed in different “machines”, (more generally, when considering the survival function
for a population comprised of heterogeneous sub-populations), the survival function for
a randomly selected component – the proportion of components expected to survive to
a given time – is described by the average of the individual survival functions. Sozou
([25]) observes that a continuous mixture of survival functions with the exponential form
S(t) = exp(−ρt), in which ρ is uniformly distributed on (0, 1), produces an hyperbolic
function.3 More generally, Barlow, Marshall and Proschan ([4, Theorem 3.4]) prove that
any mixture of exponential survival functions will exhibit a decreasing failure rate, which
is equivalent to a decreasing rate of time preference in the discounting context.4 Gurland
and Sethuraman ([13]) even provide examples of survival functions with increasing failure
1

Jackson and Yariv ([15]) call this phenomenon present bias.
See the survey by Block in [6].
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See also [15, Example 1].
4
Recall that if D : [0, ∞) → (0, 1] is a differentiable discount function, then its associated rate of time
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rates whose mixtures exhibit failure rates that are decreasing.
There are also well-known results on the asymptotic behaviour of failure rates for
mixtures of survival functions – exponential or otherwise – showing convergence to the
lowest asymptotic failure rate amongst the functions being mixed (see [7, Corollary 2.1],
which refines an earlier result of Block and Joe [5]). Weitzman ([28]) and others have
demonstrated similar results for mixtures of discount functions.
A common theme emerges from these various contributions. Mixing of heterogeneous
discount (or survival) functions enhances the tendency for impatience (or failure rates)
to diminish over time. The intuition for this general tendency is easy to grasp by considering the case of survival functions. Let S1 , S2 , . . . , Sn be survival functions for the same
component installed in n different machines, and let
n

S(t) =

1X
Si (t)
n i=1

be the average of these functions. Then S(t) is the probability that a randomly selected
component survives to time t. Its associated failure rate is
rS (t) = −

S 0 (t)
.
S(t)

It is straightforward to show that
rS (t) =


n 
X
Si (t)
i=1

nS(t)

rSi (t).

The square-bracketed term is the probability that a randomly selected component comes
from machine i conditional on the component having survived until time t. For functions
with constant failure rates (i.e., exponential survival functions) it is obvious that the
conditioning event will shift probability mass towards machines with lower failure rates,
and that this tendency will only increase with t.
A framework for articulating the general principle that lies behind these disparate
results has been suggested by Prelec ([22]). Prelec defines a “more decreasingly impatient (DI) than” relation on discount functions,5 derived from an underlying property of
intertemporal preferences. He also characterises this comparative property for the case
of preferences with a discounted utility representation over dated outcomes ([10]). He
shows that the discount function D1 exhibits more decreasing impatience than D2 if and
only if ln D1 is a convex transformation of ln D2 . The analogous relation on survival functions had previously been proposed and studied by Lee ([17]). If the transformation is
preference is
rD (t) = −

D0 (t)
.
D(t)

This rate is constant if, and only if, D is exponential.
5
Throughout we use the acronym “DI” interchangeably as a noun (“decreasing impatience”) and an
adjective (“decreasingly impatient”), relying on context to disambiguate.
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strictly convex, we will say that D1 is “uniformly” more DI than D2 . (This concept was
not defined by Prelec but is introduced in the present paper.) Prelec ([22, Corollary 4])
establishes that the mixture of two equally DI functions will be more (in fact, uniformly
more) DI than either.6
The present paper generalises and extends Prelec’s analysis in several directions.
First, we extend Prelec’s result from two to n functions: we show that mixing any
finite number of equally decreasingly impatient functions yields a mixture that is uniformly
more decreasingly impatient than each (Theorem 1). The key to this extension is the fact
that the sum of log-convex functions is log-convex ([2]).
Second, we study mixtures of functions that can be weakly ordered by decreasing
impatience but need not be equally DI. The results for this case turn out to be more
nuanced than one might expect. From the previous result we know that if all functions
are equally DI, their mixture will uniformly dominate (in the sense of DI) each of them.
It is therefore natural to suppose that the mixture of DI-ordered functions will uniformly
dominate the least DI of the functions being mixed. We show that this intuition is
false (Proposition 6) and establish necessary and sufficient conditions for the mixture to
uniformly dominate the least DI component (Theorem 2).
Third, under additional smoothness assumptions, we are able to study mixtures of
arbitrary discount functions. These functions may or may not exhibit decreasing impatience, and may or may not be weakly ordered by comparative decreasing impatience.
Smoothness allows us to use the local index of decreasing impatience introduced by Prelec
([22]). This is analogous to the Arrow-Pratt index of absolute risk aversion for expected
utility. For smooth discount functions, one function is more decreasingly impatient than
another if the index of the former weakly dominates the index of the latter (i.e., is weakly
larger at every point in time). We show that the index of the mixed discount function
always weakly dominates the minimum of the indices of the component functions, and we
provide necessary and sufficient conditions for the index of the mixture to strictly exceed
this minimum at any given point (Theorem 3).
In Section 4 we show that several results from decision theory and reliability theory
follow as direct corollaries of our main theorems.
Before getting to our main results, the following section reviews the notions of absolute
and comparative decreasing impatience. Appendix A.1 contains some basic facts about
log-convex functions which will be needed for this discussion and the subsequent analysis.

2

Preliminaries

2.1

Preferences

Let X be the set of outcomes. We assume that X is an interval of non-negative real
numbers containing 0. The natural interpretation is that outcomes are monetary (for an
infinitely divisible currency) but this is not essential. Let T = [0, ∞) be a set of points in
6

Prelec only asserts the weaker claim – without the “uniformly” qualifier – but his proof establishes
the stronger claim asserted here.
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time, where 0 corresponds to the present moment. The Cartesian product X × T will be
identified with the set of dated outcomes: that is, a pair (x, t) ∈ X ×T is a dated outcome,
in which a decision-maker receives x at time t and zero at all other times. Importantly,
although time is indexed continuously, x is a discrete outcome received at time t, not an
instantaneous flow.
Suppose that a decision-maker has preference order < on the set of dated outcomes,
with  expressing strict preference and ∼ indifference. We say that a utility function
U : X × T → R represents the preference order <, if for all x, y ∈ X and all t, s ∈ T we
have (x, t) < (y, s) if and only if U (x, t) ≥ U (y, s). We say that U is a discounted utility
(DU) representation if
U (x, t) = D(t)u(x),
(1)
for some instantaneous utility function u : X → R that is continuous, strictly increasing
and satisfies u(0) = 0, and some discount function D : T → (0, 1] that is continuous
and strictly decreasing, with D(0) = 1 and lim D(t) = 0. In this case we also say that
t→∞

(u, D) is a DU representation for <. Fishburn and Rubinstein ([10]) provide an axiomatic
foundation for a discounted utility representation.
In the rest of the paper we use D to denote the set of functions with the properties
ascribed to discount functions in the previous paragraph. All discount functions are
assumed, by definition, to lie in D. Let D∗ denote the subset of D comprising the twice
continuously differentiable discount functions whose first derivative is strictly negative
everywhere. The assumption that D0 (t) < 0 for all t ∈ T is stronger than necessary to
ensure that D is strictly decreasing but will be useful to ensure that Prelec’s [22] index
of DI is well-defined for all t.7

2.2

Decreasing impatience

Since discount functions are strictly decreasing, all DU maximisers are impatient.
However, a decision-maker’s level of impatience – as indicated by her willingness to give
up outcome x at time t in exchange for a better outcome y at some later date t + σ – may
vary with t.
Definition 1 ([22]). The preference order < exhibits (strictly) decreasing impatience (DI)
if for all σ > 0, all 0 ≤ t < s and all outcomes y > x > 0, the indifference (x, t) ∼ (y, s)
implies (x, t + σ) 4 [≺] (y, s + σ).
Jackson and Yariv ([15, p. 4190]) define an analogue of strictly DI for their discretetime environment, which they call present bias.8
Increasing impatience (II), and its strict variant, can be defined by reversing the final
preference ranking in Definition 1. We focus on DI preferences for most of the paper –
7

For similar reasons, Pratt [21] restricts attention to “smooth” von Neumann-Morgenstern (vNM)
utility functions whose first derivatives are strictly positive everywhere.
8
Note that there is some inconsistency between Jackson and Yariv’s present bias definition in their
2014 paper ([15]) and that in their 2015 paper ([16]). The definition in the latter paper is weaker.
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Theorem 3 being a notable exception – since this is the most empirically relevant case
([11]).
If < has a discounted utility representation, then the DI condition restricts only the
discount function and the nature of this restriction is well known.9
Proposition 1 ([14, 22]). Let < be a preference order having discounted utility representation with discount function D. The following conditions are equivalent:
• The preference order < exhibits (strictly) DI ;
• D is (strictly) log-convex on [0, ∞).
We will therefore say that a discount function D is (or exhibits)10 (strictly) DI if it is
(strictly) log-convex on [0, ∞).
If D ∈ D∗ its associated rate of time preference is the function
rD (t) = −

d
D0 (t)
ln(D(t)) = −
.
dt
D(t)

In the context of reliability theory, if S ∈ D∗ is a survival function, then rS is the associated
failure rate.
Corollary 1. Let D ∈ D∗ . Then the following conditions are equivalent:
(i) The discount function D exhibits (strictly) DI;
(ii) The time preference rate rD (t) is (strictly) decreasing on [0, ∞).
The non-strict part of Corollary 1 is obvious from Proposition 1 and is well known:
see, for example, [27, Corollary 1]. The strict part follows straightforwardly from the fact
that ln(D) is strictly convex iff r is strictly decreasing.11
In reliability theory, the phenomenon of decreasing failure rates is also of interest and
has been much studied. We review some of this literature in Section 4 below.

2.3

Comparative DI

What does it mean to say that one decision-maker exhibits “more decreasing impatience than” another? The natural answer, proposed by Prelec ([22, Definition 2]), is
embodied in the following definition:
9

The proof of Theorem 3.3 in [14] can easily be adapted to demonstrate an analogous result for
increasing impatience: the preference order < exhibits (strictly) II if and only if D is (strictly) logconcave on [0, ∞).
10
Recall that we use the acronym “DI” interchangeably for the noun “decreasing impatience” and the
adjective “decreasingly impatient”.
11
If a function v is twice continuously differentiable on an open interval I ⊂ R, then v is strictly convex
on I if and only if v 0 is strictly increasing on I ([24]).
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Definition 2. We say that <1 exhibits [uniformly] more DI than <2 if for every σ > 0,
every ρ, every s, t ∈ T with 0 ≤ t < s and every x, x0 , y, y 0 ∈ X with y > x > 0 and
y 0 > x0 > 0, the conditions (x0 , t) ∼2 (y 0 , s), (x0 , t + σ) ∼2 (y 0 , s + σ + ρ) and (x, t) ∼1 (y, s)
imply (x, t + σ) 41 [≺1 ] (y, s + σ + ρ).
In fact, Prelec only proposed the “more DI” part of Definition 2. The “uniformly
more DI” part is introduced here. It is a natural strengthening; additional motivation is
provided by Corollary 2 (below) and the discussion following. Pratt ([21]) defines “weak”
and “strong” forms of comparative risk aversion along the same lines.
Note that the sign of ρ is not restricted in Definition 2, so the comparative concept is
not limited to preferences that exhibit DI.
Proposition 2 (cf. [22], Proposition 1). Let <1 and <2 be two preference orders with
discounted utility representations (u1 , D1 ) and (u2 , D2 ), respectively. The following conditions are equivalent:
(i) The preference order <1 exhibits (uniformly) more DI than <2 ;
(ii) ln D1 (D2−1 (ez )) is (strictly) convex in z on (−∞, 0].
Proposition 2 is proved in Appendix A.2. We follow Prelec’s ([22]) proof of his Proposition 1, with suitable adjustments to accommodate the uniformly more DI case. The
required adjustments are not substantial but we have included a proof as it clarifies some
details omitted from Prelec’s original argument.
Condition (ii) is equivalent to ln(D1 ) = h ◦ ln(D2 ) for some strictly increasing and
(strictly) convex transformation h. Since the utility functions u1 and u2 are irrelevant
to the comparative DI properties of the preference relations, we say that the discount
function D1 exhibits (uniformly) more DI than the discount function D2 if ln(D1 ) is a
strictly increasing and (strictly) convex transformation of ln(D2 ). We write D1 <DI D2
(D1 DI D2 ) if D1 exhibits (uniformly) more DI than D2 , and use ∼DI to denote the
symmetric part of <DI . As this notation suggests, DI is not the asymmetric part of
<DI . It is possible that D1 <DI D2 but neither D1 ∼DI D2 nor D1 DI D2 , since there
exist convex functions which are neither affine nor strictly convex. The asymmetric part
of <DI will be denoted DI .
We note two important corollaries of Proposition 2. First, for an exponential discount
function, D2 (t) = exp(−ρt) for some ρ > 0, we have ln D2 (t) = −ρ. It follows, as
Prelec ([22]) observes, that D1 is more DI than D2 iff D1 is log-convex. We may likewise
conclude that D1 is uniformly more DI than D2 iff D1 is strictly log-convex. This fact
helps to motivate our introduction of the “uniformly more DI than” relation.
Corollary 2 (cf., [22]). Let ρ > 0. The discount function D exhibits (strictly) DI if and
only if D exhibits (uniformly) more DI than exp(−ρt).
Second, a strictly increasing function h : (−∞, 0] → (−∞, 0] is affine if and only if h
and h−1 are both convex. Since all discount functions satisfy D(0) = 1 we have:
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Corollary 3 ([22]). The discount functions D1 and D2 are equally DI (i.e., D1 ∼DI D2 )
if and only if there exists some c > 0 such that D1 (t) = D2 (t)c for all t.
In the literature on reliability theory, a subset of D (interpreted as a set of survival
functions) is called a Lehmann family (or proportional hazard family) if it is of the form
{S c | c > 0 } for some S ∈ D. A Lehmann family is therefore an equivalence class for the
=DI relation (or “DI equivalence class”). The set of exponential functions in D is one
such class.
Prelec ([22]) also constructs a local index of decreasing impatience for discount functions in D∗ . It measures the local degree of log-convexity and is analogous to the ArrowPratt index of risk aversion for “smooth” vNM utility functions. The index of DI for
D ∈ D∗ is denoted ID and defined as follows:
ID (t) = −

0
d
D00 (t) D0 (t)
rD
(t)
= − ln [rD (t)] = − 0
+
rD (t)
dt
D (t)
D(t)

(2)

The following result confirms that this is the “right” definition.
Proposition 3 (cf., Proposition 2 in [22]). Let D1 and D2 be discount functions in D∗ .
Then D1 <DI D2 if and only if ID1 ≥ ID2 . Moreover, D1 DI D2 if and only if D1 <DI D2
and the set
{ t ∈ T | ID1 (t) = ID2 (t) }
(3)
contains no open subset (other than the empty set).
Proof. Prelec [22, Proposition 2] proves the first claim by applying the “weak” part of
Pratt’s [21, Theorem 1] – specifically, the equivalence between (a) and (d). The second
claim follows by applying the “strong” part of the same theorem.
From Propositions 1 and 3 it follows that D ∈ D∗ is DI if and only if ID ≥ 0, and is
strictly DI if and only if ID ≥ 0 and { t | ID (t) = 0 } contains no non-empty open set.12
In particular, the index of DI for any exponential discount function is identically zero.
The following example illustrates the index of DI for a generalized hyperbolic discount
function. We will return to this example later.
Example 1. The function D(t) = (1 + ht)−α/h , with h > 0 and α > 0, is called the
generalized hyperbolic discount function. For this function we have:
rD (t) = α(1 + ht)−1 and ID (t) = h(1 + ht)−1 .
If D1 (t) = (1+h1 t)−α/h1 and D2 (t) = (1+h2 t)−α/h2 are two generalized hyperbolic discount
functions then D1 is [uniformly] more DI than D2 if and only if h1 ≥ [>]h2 . The parameter
h may therefore be used as a measure of the degree of DI of a generalized hyperbolic
discount function. The parameter α has no influence on ID . We call parameter h the
hyperbolic discount rate. The special case of a generalized hyperbolic discount function
with α = h > 0 is called the proportional hyperbolic discount function.
12

Similarly, D is II if and only if ID ≤ 0 and strictly II if and only if ID ≤ 0 and the empty set is the
only open set contained in { t | ID (t) = 0 }.
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Finally, let us observe the following transitivity properties of the comparative DI
relations.
Proposition 4. The <DI binary relation is transitive. Moreover, if D1 DI D2 and
D2 <DI D3 , or D1 <DI D2 and D2 DI D3 , then D1 DI D3 . In particular, DI is
transitive.
Proof. The claims follow straightforwardly by combining Proposition 2 with Lemma 2 in
Appendix A.1: the composition of two convex, strictly increasing functions is convex and
strictly increasing, and is strictly convex if at least one of the functions being composed
is strictly convex.

3

Mixtures of discount functions

We now turn to the main focus of the paper: mixtures of discount (or survival)
functions. We wish to use the notion of comparative DI to compare such mixtures to
their components. As described in the Introduction, mixtures of discount and survival
functions arise naturally in a number of contexts.
Given a set of functions {D1 , D2 , . . . Dn } ⊆ D, we define a mixture of them is a function
D=

n
X

λi Di

i=1

Pn

with 0 < λi < 1 for all i and i=1 λi = 1. Note that our definition requires that each Di
has a strictly positive weight. Importantly, the sets D and D∗ are both closed under the
formation of such mixtures.
Our starting point is the following important result, again due to Prelec ([22, Corollary
4]):
Proposition 5 (cf., [22]). If D is a mixture of {D1 , D2 } ⊆ D, where D1 6= D2 and
D1 ∼DI D2 , then D DI D2 .
Prelec’s result only asserts the weaker consequent that D <DI D2 but the stronger conclusion follows easily from his proof.
It is obviously of interest to know whether Proposition 5 can be extended to more
than two DI-equivalent functions, and also whether anything can be said about mixtures of
functions that are DI-comparable but do not necessarily lie within the same DI equivalence
class. To answer these questions, we make use of the following (modest) extension of
Artin’s result that the sum of log-convex functions is log-convex ([2, Theorem 1.8]).13
Lemma 1. Let I ⊆ R++ be a non-empty convex set. If fi : I → R is P
log-convex for every
i ∈ {1, ., ..., n} (and at least one fi is strictly log-convex), then g = ni=1 fi is (strictly)
log-convex. Moreover, if g is also log-concave then there exist ki ∈ R such that fi = ki g
for each i ∈ {1, ., ..., n}.
13

We suspect that the content of Lemma 1 is well known to many mathematicians. Certainly the
arguments are standard. We include a proof for completeness, as we have not been able to find this
particular result stated explicitly elsewhere.
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Proof. Let x, y ∈ I such that x 6= y and let λ ∈ (0, 1). Using the fact that each fi is
log-convex we have:
g(λx + (1 − λ)y) =

n
X

fi (λx + (1 − λ)y) ≤

i=1

n
X

fi (x)λ fi (y)1−λ .

(4)

i=1

The inequality in (4) is strict if at least one fi is strictly log-convex. By the Weighted
AM-GM Inequality [9, Theorem 7.6]:
λ 
1−λ
n 
X
fi (x)
fi (y)
i=1

g(x)

g(y)


n 
X
fi (x)
fi (y)
≤
λ
+ (1 − λ)
= 1
g(x)
g(y)
i=1

(5)

Moreover, equality holds in (5) iff
fi (x)
fi (y)
=
g(x)
g(y)

(6)

for all i. Combining (4) and (5) we have
g(λx + (1 − λ)y) ≤ g(x)λ g(y)1−λ

(7)

which proves that g is log-convex. Since (4) holds strictly whenever some fi is strictly
log-convex, it follows that g is strictly log-convex in this case also.
Suppose g is both log-convex and log-concave. It follows that equality holds in both
(4) and (5) for any x, y ∈ I and any λ ∈ (0, 1). Therefore (6) holds for all i, any x, y ∈ I
and any λ ∈ (0, 1). In other words, fi /g is constant on I for any i.
Corollary 4. If D is a mixture of {D1 , D2 , ..., Dn } ⊆ D and Di <DI Di+1 for each
i ∈ {1, 2, .., n − 1} then D <DI Dn . Moreover, if Di DI Di+1 for some i ∈ {1, 2, .., n − 1}
then D DI Dn .
P
Proof. Let D = ni=1 λi Di . Then
D

Dn−1 (ez )



=

n−1
X


λi Di Dn−1 (ez ) + λn ez .

i=1

Using Proposition 4, we know that Di <DI Dn for all i < n, so Di (Dn−1 (ez )) is log-convex
for all i < n. Moreover, if Di DI Di+1 then Di DI Dn (Proposition 4) so Di (Dn−1 (ez ))
is strictly log-convex. It follows that λi Di (Dn−1 (ez )) is log-convex for all i < n and strictly
log-convex if Di DI Di+1 . Since λn ez is obviously log-convex, the result now follows by
Lemma 1 and Proposition 2.
Corollary 5. If D is a mixture of {D1 , D2 , ..., Dn } ⊆ D and each Di exhibits DI then D
exhibits DI. Moreover, if at least one Di exhibits strictly DI then D exhibits strictly DI.

9

Proof. Let Dn+1 (t) = e−t for all t ∈ T and let D =

Pn

i=1

λi Di . Then

n
X


−1
−1
(ez ) =
(ez ) .
D Dn+1
λi Di Dn+1
i=1



−1
−1
z
Each Di Dn+1
(ez ) is log-convex by Proposition
2
and
Corollary
2,
so
each
λ
D
D
(e
)
i
i
n+1

−1
is log-convex. Therefore, D Dn+1
(ez ) is log-convex by Lemma 1, so D exhibits DI 
−1
(Proposition 2 and Corollary 2). Moreover, if some Di exhibits strictly DI then D Dn+1
(ez )
is strictly log-convex so D exhibits strictly DI.

3.1

Mixing equally-DI functions

We can now extend Proposition 5 to mixtures of any finite number of functions.
Theorem 1. Let n ≥ 2 and let D1 , D2 , . . . , Dn be functions in D such that D1 6= Dj for
some j > 1 and D1 ∼DI D2 ∼DI . . . ∼DI Dn . If D is a mixture of D1 , D2 , . . . , Dn , then
D DI Dn .
Proof. Proposition 5 establishes the result for the case n = 2. Suppose that k ≥ 2 and
the result is true for all n ≤ k. Let D be a mixture of D1 , D2 , . . . , Dk+1 with Dj ∈ D for
each j, D1 6= Dj for some j ≤ k + 1 and D1 ∼DI D2 ∼DI . . . ∼DI Dk+1 . We therefore
have:
" k 
 #
k+1
X
X
λi
Di + λk+1 Dk+1
(8)
D =
λi Di = (1 − λk+1 )
1 − λk+1
i=1
i=1
If D1 6= Dj for some j ≤ k then
" k 
X
i=1

λi
1 − λk+1

by the inductive hypothesis, and hence
" k 
X
λi
i=1





#
Di DI Dk

#
Di DI Dk+1

1 − λk+1

by Proposition 4. On the other hand, if D1 = Dj for all j ≤ k, then
" k 
 #
X
λi
Di = Dk
1 − λk+1
i=1
and Dk 6= Dk+1 , so
"

k 
X
i=1

λi
1 − λk+1



#
Di DI Dk+1

by Proposition 5. In either case, we deduce D DI Dk+1 using (8) and Corollary 4.
10

From Corollary 3 we know that any two exponential discount functions are equally
DI. It follows from Theorem 1 that mixtures of non-identical exponential functions will
be uniformly more DI than each component function. This is a continuous-time version of
Jackson and Yariv’s result ([15, Proposition 1]) and is illustrated by the following example.
Example 2. Let Di (t) = exp (−ρi t), with ρ1 = 0.01, ρ2 = 0.02, ρ3 = 0.03. Consider their
mixture D = (1/3)(D1 + D2 + D3 ). Then IDi (t) = 0 for all t whereas the Index of DI for
the mixture is:
e−(ρ1 +ρ2 )t (ρ1 − ρ2 )2 + e−(ρ2 +ρ3 )t (ρ2 − ρ3 )2 + e−(ρ1 +ρ3 )t (ρ1 − ρ3 )2
.
ID =
(ρ1 e−ρ1 t + ρ2 e−ρ2 t + ρ3 e−ρ3 t ) (e−ρ1 t + e−ρ2 t + e−ρ3 t )
Clearly, this is strictly greater than zero everywhere, as also shown in Figure 1.
1

0.02
ID (t)

1

D2
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0.015

D(t)

Index of DI

Exponential Discount Function

D
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0
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Figure 1: Index of DI for the Mixture of Exponential Discount Functions
However, there are other interesting DI equivalence classes besides the one containing
the exponential functions. Recalling Example 1, Theorem 1 implies that if we mix generalised hyperbolic discount functions with the same h parameter but different α values,
then the resulting mixture will be uniformly more DI than each component.
Example 3. Let Di (t) = (1 + ht)−αi /h , with α1 = 1, α2 = 2, α3 = 3, h = 5. Consider their
mixture D = (1/3)(D1 + D2 + D3 ). Recall from Example 1 that IDi (t) = hi (1 + hi t)−1 =
5(1 + 5t)−1 . From Figure 2 it can be seen that ID lies strictly above IDi .
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Figure 2: Index of DI for the Mixture of Generalized Hyperbolic Discount Functions

3.2

Mixing weakly DI-ordered functions

If we mix D2 ∈ D with some D1 ∈ D for which D1 ∼DI D2 , we obtain a mixture that
is uniformly more DI than D2 . It is natural to expect, therefore, that if we mix D2 with
some D̂1 that is more DI than D1 , the resulting mixture will also be uniformly more DI
than D2 . This expectation is predicated on an implicit assumption that the “more DI
than” relation will satisfy the following independence property for any λ ∈ (0, 1):
D̂1 <DI D1 ⇒ λD̂1 + (1 − λ)D2 <DI λD1 + (1 − λ)D2
In fact, it does not.
Proposition 6. Let D1 , D2 ∈ D with D1 6= D2 and D1 <DI D2 . Then there exists
D̂1 ∈ D such that D1 <DI D̂1 <DI D2 and
λD̂1 + (1 − λ)D2 DI D2
for any λ ∈ (0, 1). However, there exist D1 , D2 ∈ D with D1 6= D2 and D1 <DI D2 , and
λ ∈ (0, 1), for which it is not the case that
λD1 + (1 − λ)D2 DI D2 .
Proof. Consider the first claim. Let D̂1 = D2c for some c > 0 with c 6= 1. Then D̂1 6= D2
and D̂1 ∼DI D2 (Corollary 3) so any mixture of D̂1 and D2 will be uniformly more DI
than D2 (Proposition 5). It remains to show that D1 <DI D̂1 . We know that there exists
12
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a convex, strictly increasing function, h : (−∞, 0] → (−∞, 0] such that ln D1 = h ◦ ln D2
(Proposition 2). Therefore


1
ln D1 = h ◦
ln D̂1 = ĥ ◦ ln D̂1
c
where ĥ = h ◦ g and g(z) = c−1 z for all z ∈ (−∞, 0]. Since ĥ is convex (Lemma 2 in
Appendix A.1) and strictly increasing, we deduce that D1 <DI D̂1 (Proposition 2).
To establish the second claim, consider the following example. Let ρ1 > ρ2 > 0 and
let t > 0. Define D2 (t) = exp (−ρ2 t) and

if t < t
 exp (−ρ1 t)
D1 (t) =


exp −ρ2 t − d if t ≥ t
where d = (ρ1 − ρ2 ) t > 0. It is easily checked that D1 ∈ D. (It is a continuous-time
analogue of a quasi-hyperbolic discount function.) Observe that
D2−1 (ez ) = −
and therefore

ln D1 D2−1 (ez ) =


 (ρ1 /ρ2 ) z if z > −ρ2 t


Since

z
ρ2

z−d


ρ1
−ρ2 t = −ρ1 t =
ρ2

(9)

if z ≤ −ρ2 t


−ρ2 t − d,

(9) is continuous. From this fact and (ρ1 /ρ2 ) > 1 we deduce that (9) is convex, but neither
affine nor strictly convex. It follows that D1 DI D2 .
Let D = λD1 + (1 − λ) D2 with 0 < λ < 1. Then

 λ exp (−ρ1 t) + (1 − λ) exp (−ρ2 t) if t < t
D (t) =

 
λ exp(−d) + (1 − λ) exp (−ρ2 t) if t ≥ t
and therefore, for any t ≥ t,


ln (D (t)) = ln λ exp(−d) + (1 − λ) − ρ2 t


= ln λ exp(−d) + (1 − λ) + ln (D2 (t)) .


In other words, ln D is an affine transformation of ln D2 on t, ∞ . In particular, it is not
the case that D DI D2 .
This leaves open the obvious question: When is the mixture of weakly DI-ordered (and
non-identical) discount functions uniformly more DI than the least-DI of the functions
being mixed? The following result provides the answer.
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Theorem 2. Let n ≥ 2 and let D1 , D2 , . . . , Dn be functions in D such that
D1 <DI D2 <DI . . . <DI Dn .
Precisely one of the following obtains:
(i) D DI Dn for any mixture D of {D1 , D2 , . . . , Dn }.
(ii) There exists a non-empty interval J = (t1 , t2 ) ⊆ T and constants c1 , c2 , . . . , cn−1
such that Di (t) = ci Dn (t) for each i ∈ {1, 2, . . . , n − 1} and every t ∈ J.
Proof. By Corollary 4, D <DI
P Dn for any mixture D of {D1 , D2 , . . . , Dn }. Suppose there
is some such mixture D = ni=1 λi Di for which D is not uniformly more DI than Dn .
Let g = D (Dn−1 (ez )). It follows that g is log-convex but not strictly log-convex. Since
g is also strictly increasing and continuous, it follows that there exists a non-empty open
interval I ⊆ (−∞, 0] on which ln g is affine. That is, there exist constants α > 0 and β
such that ln g(z) = αz + β for all z ∈ I. Next, observe that g is the sum of log-convex
functions:
X

g(z) =
λi Di Dn−1 (ez ) + λn ez
i<n

The function λn ez is obviously log-convex; the fact that Di <DI Dn (Proposition 4) implies
Di (Dn−1 (ez )) is log-convex (Proposition 2) and hence λi Di (Dn−1 (ez )) is log-convex. Let
fi (z) = λi Di (Dn−1 (ez )) if i < n and let fn (z) = λn ez . In particular, from Proposition 2,
ln (Di (t)) = ln fi (ln (Dn (t))) − ln (λi )

(10)

for any i < n and any t ∈ J. Since g is affine on I it follows by Lemma 1 that there exist
constants k1 , k2 , . . . , kn such that
ln fi (z) = ln (ki ) + ln g(z) = αz + [β + ln (ki )]
for all i and all z ∈ I. The case i = n gives
ln (λn ) + z = αz + [β + ln (kn )]
for all z ∈ I. It follows that α = 1 and hence, for any i < n,
ln fi (z) = z + di
for any z ∈ I, where di = β + ln (ki ). From (10) we now deduce that
ln Di (t) = ln Dn (t) + dˆi
 
ˆ
for any i < n and any t ∈ J, where di = di − ln (λi ). Letting ci = exp dˆi does the
needful.
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Conversely, suppose Di (t) = ci Dn (t) for each i ∈ {1, 2, . . . , n − 1} and every t in
some P
non-empty open interval J. Hence, ln Dn (J) is also a non-empty open interval. Let
D = ni=1 λi Di be a mixture of {D1 , D2 , . . . , Dn }. Then, for any z ∈ ln Dn (J) we have:
X


D Dn−1 (ez ) =
λi Di Dn−1 (ez ) + λn ez
i<n

=

X


λi ci Dn Dn−1 (ez ) + λn ez

i<n

"
=

#
λn +

X

λ i ci e z

i<n

In other words, ln D (Dn−1 (ez )) is affine on the interval ln Dn (J), and therefore ln D is
not a strictly convex transformation of ln Dn . It follows (Proposition 2) that D is not
uniformly more DI than Dn .
If the elements of {D1 , D2 , . . . , Dn } are in the same DI equivalence class, Corollary
3 implies that there exist constants α1 , α2 , . . . , αn−1 such that Di = Dnαi for each i < n.
Unless αi = 1 for each i < n, this will exclude case (ii) of Theorem 2. In other words,
Theorem 1 is consistent with Theorem 2.
Example 4. Let Di (t) = (1 + hi t)−1 , with h1 = 0.03, h2 = 0.02, h = 0.01. These are
proportional hyperbolic functions. Recalling Example 1, we see that D1 <DI D2 <DI D3 .
Consider their mixture D = (1/3)(D1 + D2 + D3 ). It is obvious that
1 + hj t
Di (t)
=
Dj (t)
1 + hi t
is strictly increasing (decreasing) in t when hj > hi (hj < hi ). From Figure 3 it can be
seen that ID lies strictly above ID3 .
Theorem 1 also suggests the possibility that mixtures of (strictly) DI-ordered discount
functions may be uniformly more DI than the most DI of the functions being mixed.
Examples are not difficult to find, though a general characterisation of this phenomenon
remains elusive.
Example 5. The following example is based on [13]. Let D1 (t) = exp (−t) and let D2 (t) =
exp (−ρ (et − 1)) with ρ > 1. Hence, D1 is exponential and D2 is a truncated extreme
value discount function. By straightforward calculation, ID1 (t) = 0 and ID2 (t) = −1. It
follows (Proposition 3) that D1 DI D2 . In particular, D2 exhibits strictly increasing
impatience (or a strictly increasing failure rate in the language of reliability theory). Let
D = λ1 D1 + λ2 D2 be a mixture of D1 and D2 .
Gurland and Sethuraman ([13]) consider the case ρ = 20 and show by numerical
simulation that rD may be strictly decreasing (for sufficiently high values of λ1 ), which
implies D DI D1 (Corollary 2). In fact, it is not hard to show that rD is strictly
decreasing iff
ρ
λ1 ≥
(ρ − 1)2
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Figure 3: Index of DI for the Mixture of Generalized Hyperbolic Discount Functions
(The value of the RHS is contained in the interval (0, 1) provided ρ is high enough.) We
relegate the details to Appendix A.3.
The key point to observe from this example is that the necessary and sufficient condition
for rD to be strictly decreasing is a joint restriction on ρ and the mixing parameters. This
precludes the possibility of specifying conditions on an arbitrary set of weakly DI-ordered
functions that are necessary and sufficient for any mixture to uniformly dominate the
most-DI component. At best, we can establish sufficient conditions.

3.3

A general result for mixing in D∗

Theorem 2 requires that the functions being mixed are weakly DI-ordered, which places
significant restrictions on its applicability. However, we can develop a “local” analogue
of this result which applies to mixtures of any finite set of “smooth” discount functions.
Suppose D is a mixture of {D1 , D2 , . . . , Dn } ⊆ D∗ . The indices {ID1 (t), ID2 (t), . . . , IDn (t)}
can obviously be ordered at any t. It is therefore natural to seek necessary and sufficient
conditions for ID (t) to strictly exceed
min{ID1 (t), . . . , IDn (t)}.
Theorem 3. Let {D1 , D2 , . . . , Dn } ⊆ D∗ and let
D=

n
X
i=1
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λi Di

300

be a mixture of D1 , D2 , . . . , Dn . Then ID ≥ min{IDi } on [0, ∞) and
i

ID (t) = min{IDi (t)}
i

0
0
0
iff rD1 (t) = rD2 (t) = · · · = rDn (t) and rD
(t) = rD
(t) = · · · = rD
(t).
n
1
2

Proof. Let ri = rDi and Ii = IDi for each i. Recall that D0 = −rD and hence
2
0
D00 = DrD
− DrD
= DrD (rD + ID ).

Recall also that
ID = −

D00 D0
+ .
D0
D

Therefore,
ID

P
Pn
Pn
Pn
λi Di0
λi Di ri (ri + Ii )
λi Di ri
− ni=1 λi Di00
i=1
i=1
Pn
= Pn
+ Pn
=
− Pi=1
.
n
0
i=1 λi Di
i=1 λi Di
i=1 λi Di ri
i=1 λi Di

This expression can be rearranged as follows:
Pn
Pn
Pn
n
2
X
λ
D
r
λ
D
r
I
i
i
i
i
i
i
i
i=1
i=1 λi Di ri
i=1
P
P
P
+ n
−
=
αi Ii + Q,
ID =
n
n
i=1 λi Di ri
i=1 λi Di ri
i=1 λi Di
i=1
where

Pn
Pn
λi Di ri2
λi Di ri
i=1
Q = Pn
− Pi=1
n
i=1 λi Di ri
i=1 λi Di

and

λi Di ri
αi = Pn
i=1 λi Di ri

P
Note that ni=1 αi (t) = 1 and αi (t) > 0 for all t.
The expression Q can be rewritten as:
i hP
i2
hP
i hP
n
n
n
2
i=1 λi Di ri ·
i=1 λi Di −
i=1 λi Di ri
hP
i hP
i
Q =
.
n
n
λ
D
r
·
λ
D
i
i
i
i
i
i=1
i=1
The denominator of Q is strictly positive, so the sign of Q depends on the sign of the
numerator. Let N be the numerator of Q. We can simplify N as follows:
N=

n
n X
X

λi λj Di Dj ri2 −

i=1 j=1

n
n X
X

λi λj Di Dj ri rj .

i=1 j=1

Therefore, we have:
N =

n X
n
X

θij ri (ri − rj )

i=1 j=1
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where θij = λi λj Di Dj . Since θij = θji > 0 for all i and j we see that
X
X
N =
θij [ri (ri − rj ) + rj (rj − ri )] =
θij (ri − rj )2 .
i<j

i<j

It follows that Q(t) ≥ 0 for all t, with equality iff r1 (t) = r2 (t) = · · · = rn (t). Since
min{Ii } ≤ min{Ii } + Q ≤
i

i

n
X

αi Ii + Q = ID .

i=1

we have ID ≥ min{Ii } on [0, ∞) and ID (t) > min{Ii (t)} if rj (t) 6= rk (t) for some j 6= k.
i

i

Conversely, if r1 (t) = r2 (t) = · · · = rn (t) then Q(t) = 0 and
ID (t) =

n
X

αi (t)Ii (t).

i=1

In this case, ID (t) = mini Ii (t) if and only if I1 (t) = I2 (t) = · · · = In (t), which holds if
and only if r10 (t) = r20 (t) = · · · = rn0 (t).
Corollary 6. Let {D1 , D2 , . . . , Dn } ∈ D∗ . Assume that D1 , D2 , . . . , Dn all exhibit DI.
Let
n
X
D=
λi Di ,
i=1

be a mixture of D1 , D2 , . . . , Dn . Then ID (t) ≥ 0 for all t, with equality iff
0
0
0
rD1 (t) = rD2 (t) = . . . = rDn (t) and rD
(t) = 0.
(t) = rD
(t) = . . . = rD
n
1
2

Hence, D exhibits DI, and strictly DI unless the set

0
0
0
t ∈ T | rD1 (t) = rD2 (t) = . . . = rDn (t) and rD
(t) = 0
(t) = rD
(t) = . . . = rD
n
1
2
contains a non-empty open subset.
Proof. Recalling the notation from the previous proof, we have, by assumption, Ii ≥ 0 for
each i. It follows from Theorem 3 that ID ≥ 0 and hence that D exhibits DI. It exhibits
strictly DI unless the set
(
)
n
X
{ t ∈ T | ID (t) = 0 } = t ∈ T
αi (t)Ii (t) + Q(t) = 0
i=1

contains a non-empty open subset. Since Ii (t) ≥ 0 and αi (t) > 0 for all i and all t, this is
equivalent to the requirement that the set
{ t ∈ T | Ii (t) = Q(t) = 0 for all i }
contain a non-empty open subset. Since Ii (t) = 0 iff ri0 (t) = 0 and Q(t) = 0 iff ri (t) = rj (t)
for all i, j ∈ {1, 2, . . . , n}, the result follows.
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The following example provides an illustration of Theorem 3.
Example 6. Let n = 2, let D1 (t) = (1 + ht)−2 be an hyperbolic discount function and let
D2 (t) = exp(−αt1/2 ) a Weibull discount function [13]. Then ID1 (t) = h(1 + ht)−1 > 0
for all t (Example 1) and, by straightforward calculation, ID2 (t) = (2t)−1 > 0 for all t.
Therefore, both D1 and D2 exhibit strict DI. Observe that
ID1 (t) − ID2 (t) =

ht − 1
,
2t (1 + ht)

so
ID1 (t) T ID2 (t) as t R h−1 .
It follows that D1 and D2 both are from incomparable DI classes. Let D = 12 (D1 + D2 ).
The behaviour of ID with parameters h = 0.1 and α = 0.12 is illustrated in Figure 4.
It can be clearly seen that neither D DI D1 nor D DI D2 . However, ID (t) >
min{ID1 (t), ID2 (t)} for all t. Indeed, ID (t) > max{ID1 (t), ID2 (t)} in a large neighbourhood
of t = 10 (the time at which ID1 intersects ID2 ).
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Figure 4: Index of DI for the Mixture of D1 and D2

4

Related results
Several results in the literature are special cases of our main theorems.
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Consider Theorem 1. This generalises Corollary 4 in Prelec [22] (see Proposition 5
above). Other special cases have appeared elsewhere in the decision theory and reliability
theory literatures. These results focus on mixtures of exponential functions.
Gurland and Sethuraman ([13, Example 2]) observe that the mixture of two distinct
exponential survival functions exhibits a strictly decreasing failure rate. Jackson and Yariv
([15, Proposition 1]) and Pennesi ([20, Theorem 1]) are analogous results for exponential
discount functions, though in discrete-time settings. While Pennesi’s result establishes
that the mixture satisfies the obvious discrete-time analogue of strictly decreasing impatience (called diminishing impatience in his paper), Jackson and Yariv establish instead
that the mixture satisfies a property they call present bias.14 The appropriate continuoustime analogue of this concept is not entirely unambiguous, but the following is an obvious
contender:
Definition 3. The preference order < exhibits present bias if
(i) (y, s) < (x, t) implies (y, s + σ) < (x, t + σ) for every x, y, every σ > 0 and every
s, t ∈ T such that s > t ≥ 0; and
(ii) for every s, t ∈ T with s > t ≥ 0 and every σ > 0 there exist x∗ and y ∗ such that
(y ∗ , s + σ)  (x∗ , t + σ) and (x∗ , t)  (y ∗ , s).
It can be shown (see Corollary 6 in [1]) that present bias – in the sense of Definition 3
– is equivalent to strictly decreasing impatience for preferences with a DU representation.
For their discrete-time environment, Jackson and Yariv’s ([15]) Proposition 1 establishes
that DU preferences whose associated discount function is a mixture of heterogeneous
exponential functions must exhibit present bias. Our Theorem 1 therefore implies a
continuous-time version of their result, and also of Pennesi’s.
A somewhat weaker result is presented by Azfar ([3]). He considers an exponential
discounter whose rate of time preference is the sum of a “pure” time preference rate plus
the constant hazard rate from an exponential survival function describing the decisionmaker’s random lifespan. Suppose the decision-maker is uncertain about the true hazard
rate of the survival function and suppose further that time is indexed contonuously. If
r is the time preference rate for the expected discount function, Azfar proves that the
“apparent discount rate”
Z
1 t
r(s)ds
ρa (t) =
t 0
is strictly declining ([3, Proposition 1]). Gollier and Weitzman ([12]) make a similar
observation. This fact is, of course, implied by the result that r itself is strictly declining.
Corollaries 5 and 6 also have antecedents in the literature. Corollary 5 shows that the
mixing operation preserves the property of decreasing impatience. For mixtures of smooth
functions, Corollary 6 sharpens this result by identifying a necessary and sufficient condition for the mixture to exhibit strictly DI. Proschan [23, Theorem 2] gives a direct proof
14

Their concept differs from the eponymous notion in [20], and also from Jackson and Yariv’s own use
of the term in [16].

20

of Corollary 5 for the case of survival functions.15 Theorem 5 in [21] is a direct analogue
of our Corollary 6. Pratt considers mixtures of von Neumann-Morgenstern (vNM) utility
functions that are twice continuously differentiable with positive first derivatives. A vNM
utility function u exhibits “(strictly) decreasing risk aversion” if the Arrow-Pratt index
of risk aversion for u,
d
Ru (x) = − ln u0 (x),
dx
is (strictly) decreasing. Pratt proves that mixing preserves decreasing risk aversion, and
that the mixture will exhibit strictly decreasing risk aversion except on sub-intervals where
each vNM utility function has equal and constant indices of risk aversion.

5

Discussion

This paper has generalised and extended the important work of Prelec ([22]), with
the assistance of Artin ([2]). While various special cases are known, the general results
presented here seem to have escaped the attention of researchers in decision theory and
reliability theory. We hope that the paper renders useful service in this respect.
In the light of Theorem 1, Proposition 6 reveals a somewhat surprising anomaly in
the behaviour of mixtures of DI-ordered discount functions: the mixture need not be
uniformly more DI than the least DI of the functions being mixed. The scope of this
anomalous behaviour is precisely determined in Theorem 2.
Theorem 3, which is heavily influenced by the work of Pratt ([21]), provides a local
analogue of our global results, for mixtures of smooth discount functions.
There remain many interesting open questions, particularly concerning conditions under which mixtures of non-DI-equivalent functions are more DI than all of the functions
being mixed. As Example 5 makes clear, it is fruitless to seek necessary and sufficient conditions at the level of generality maintained in the present paper. We must either content
ourselves with sufficient conditions, or seek more restricted domains on which necessary
and sufficient conditions may be found. The reliability theory literature has partially
explored both avenues ([6]), with a particular focus on mixtures of survival functions that
exhibit increasing failure rates, and on conditions under which such mixtures exhibit a
decreasing failure rate or specific variation in monotonicity (such as the “bathtub” shape).
Conditions under which mixtures of DI functions are more DI than the most decreasingly
impatient component are, to the best of our knowledge, yet to be explored.
In the decision theory context, the results presented here raise other issues. Our analysis is “static” in the sense of studying preferences elicited at a fixed point in time (“the
present”). When such preferences exhibit non-constant impatience (non-stationarity),
questions of dynamic inconsistency naturally arise but cannot be settled within the confines of the static model. However, as pointed out by Azfar ([3]), Pennesi ([20]), Millner
and Heal ([19]) and others, decreasing impatience induced by the mixing of exponential
15

Barlow, Marshall and Proschan ([4, Theorem 3.4]) give an even more general version of this result,
which is not restricted to finite mixtures.
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discount functions need not entail dynamically inconsistent choice. Provided the mixing weights are adjusted suitably over time, optimal plans can be faithfully implemented
without violating the preferences of future selves.
What if the preferences being mixed are not exponential, and therefore already exhibit
non-constant impatience? In this case, dynamic consistency questions arise before any
mixing takes place. This opens several avenues of further enquiry. First, when can
mixing induce constant impatience? In other words, can we identify a set of discount
functions whose convex hull is contained within (or at least, has non-empty intersection
with) the exponential class? Second, absent a stationary mixture, can the mixing weights
be adjusted over time to permit dynamically consistent decision-making? Can these
adjustments be justified other than by direct appeal to a dynamic consistency axiom?
Finally, if mixing reflects aggregation by a Social Planner, how can the Planner determine
socially optimal courses of action based on this utilitarian aggregation of non-stationary
preferences? How should the preferences of the future selves of current individuals be
factored into social decision-making?
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Appendix

A.1

Convexity and log-convexity

Convexity and log-convexity play an important role in the theory of discounting. Let
I be an interval (finite or infinite) of real numbers. A function f : I → R is convex if for
any two points x, y ∈ I and any λ ∈ [0, 1] it holds that:
f (λx + (1 − λ) y) ≤ λf (x) + (1 − λ)f (y).
A function f is strictly convex if
f (λx + (1 − λ)y) < λf (x) + (1 − λ)f (y)
for any x, y ∈ I such that x 6= y and any λ ∈ (0, 1). If f is twice differentiable convexity
is equivalent to f 00 ≥ 0, and strict convexity is equivalent to two conditions: the function
f 00 is nonnegative on I and the set {x ∈ I f 00 (x) = 0} contains no non-trivial interval
[26].16
16

An interval is “non-trivial” if it is neither empty nor a singleton.
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The following equivalent definition of a (strictly) convex function is well known. A
function f : I → R is (strictly) convex if for every x, y, v, z ∈ I such that x − y = v − z > 0
and y > z we have
f (x) − f (y) ≤ [<]f (v) − f (z).
Convexity is preserved under composition of functions, as shown in the following
lemma, whose straightforward proof is omitted:
Lemma 2. Let f1 : I → R be a non-decreasing and convex function and f2 : I → R be
a convex function, such that the range of f2 is contained in the domain of f1 . Then the
composition f = f1 ◦ f2 is a convex function. If, in addition, f1 is strictly increasing, and
either f1 or f2 is strictly convex, then f is also strictly convex.
A function f : I → R is called log-convex if f (x) > 0 for all x ∈ I and ln(f ) is
convex. It is called strictly log-convex if ln(f ) is strictly convex. If follows that if f is
a (strictly positive) twice differentiable function, then log-convexity of f is equivalent to
the condition f 00 f − (f 0 )2 ≥ 0, while strict log-convexity of f requires, in addition, that
the set
{ x ∈ I f 00 (x)f (x) − [f 0 (x)]2 = 0 }
contains no non-trivial interval. Log-convexity can also be expressed without using logarithms [8]. A function f : I → R is log-convex if and only if f (x) > 0 for all x ∈ I and
for all x, y ∈ I and λ ∈ [0, 1] we have:
f (λx + (1 − λ)y) ≤ f (x)λ f (y)1−λ .

(11)

The function f is strictly log-convex if inequality (11) is strict when x 6= y and λ ∈ (0, 1).
One of the important definitions which will be frequently used throughout the paper
is that of a convex transformation. We say that f1 is a (strictly) convex transformation
of f2 if there exists a (strictly) convex function f such that f1 = f ◦ f2 .
Lemma 3. Let f1 , f2 : I → R such that f2−1 exists. Then f1 is a (strictly) convex transformation of f2 if and only if the composition f1 ◦ f2−1 is (strictly) convex.
Proof. See [21].
Recall also that a function f : I → R is called concave if and only if −f is convex.
Thus a function f : I → R is log-concave if and only if 1/f is log-convex. Therefore, the
definitions and results stated in this section can be easily adapted for (log-)concavity.

A.2

Proof of Proposition 2

We need to prove the following lemma first:
Lemma 4. Suppose that h1 and h2 are strictly decreasing functions. Then h1 is a (strictly)
convex transformation of h2 if and only if h2 (s) − h2 (t) = h2 (s + σ + ρ) − h2 (t + σ) implies
that h1 (s) − h1 (t) ≤ [<]h1 (s + σ + ρ) − h1 (t + σ) for every s. t, σ and ρ satisfying
0 < t < s ≤ t + σ < s + σ + ρ.
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Proof. We prove necessity first. Suppose that h1 is a (strictly) convex transformation of
h2 ; that is, there exists a (strictly) convex function f such that h1 = f (h2 ). Assume also
that 0 < t < s ≤ t + σ < s + σ + ρ and
h2 (s) − h2 (t) = h2 (s + σ + ρ) − h2 (t + σ).

(12)

We need to show that
h1 (s) − h1 (t) ≤ [<] h1 (s + σ + ρ) − h1 (t + σ)
whenever 0 < t < s ≤ t + σ < s + σ + ρ. Since h2 is strictly decreasing, it follows that
h2 (s + σ + ρ) < h2 (t + σ) ≤ h2 (s) < h2 (t).
Recall that f is a (strictly) convex function. Therefore, as equality (12) holds, it implies
that
f (h2 (t + σ)) − f (h2 (s + σ + ρ)) ≤ [<] f (h2 (t)) − f (h2 (s)).
Since h1 = f (h2 ), this inequality is equivalent to
h1 (t + σ) − h1 (s + σ + ρ) ≤ [<] h1 (t) − h1 (s).
Rewriting:
h1 (s) − h1 (t) ≤ [<] h1 (s + σ + ρ) − h1 (t + σ),

(13)

whenever 0 < t < s ≤ t + σ < s + σ + ρ.
To show the sufficiency, suppose that (12) implies (13) for every s, t, σ and ρ satisfying
0 < t < s ≤ t + σ < s + σ + ρ. Define f such that f = h1 ◦ h−1
2 . Note that we can do so
−1
because h2 exists (since h2 is a strictly decreasing function). Then if
h2 (s + σ + ρ) < h2 (t + σ) ≤ h2 (s) < h2 (t)
and equation (12) holds, we have
f (h2 (t + σ)) − f (h2 (s + σ + ρ)) ≤ [<] f (h2 (t)) − f (h2 (s)).
Therefore, f is a (strictly) convex function, which means that h1 is a (strictly) convex
transformation of h2 .
We can now prove Proposition 2.
Proof. Observe that Di : [0, ∞) → (0, 1] is one-to-one and onto, so Di−1 : (0, 1] → [0, ∞).
Let us first prove that condition (i) follows from condition (ii). The proof is by
contraposition. We show that not (i) implies not (ii). Assume that (i) fails; that is, there
exist s and t with 0 < t < s, ρ > 0, σ > 0 and x, y, x0 , y 0 ∈ X with 0 < x < y and
0 < x0 < y 0 such that (x0 , t) ∼2 (y 0 , s), (x0 , t + σ) ∼2 (y 0 , s + σ + ρ), (x, t) ∼1 (y, s) and
(x, t + σ) 1 [<1 ] (y, s + σ + ρ).
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Since u1 (y) > 0 and u2 (y 0 ) > 0 by assumption, this implies
u2 (x0 )
D2 (s)
D2 (s + σ + ρ)
=
=
0
u2 (y )
D2 (t)
D2 (t + σ)
and

D1 (s)
D1 (s + σ + ρ)
u1 (x)
=
> [≥]
.
u1 (y)
D1 (t)
D1 (t + σ)

Let h1 = ln D1 and h2 = ln D2 . Note that h1 and h2 are both strictly decreasing functions. Observe also that hi : [0, ∞) → (−∞, 0] is one-to-one and onto. Thus
−1
−1 z
h−1
i : (−∞, 0] → [0, ∞), where hi (z) = Di (e ). Rewriting these expressions we get
hi (t)
Di (t) = e
for each i ∈ {1, 2}. Thus:
eh2 (s)
eh2 (s+σ+ρ)
=
eh2 (t)
eh2 (t+σ)
and

eh1 (s)
eh1 (s+σ+ρ)
>
[≥]
.
eh1 (t)
eh1 (t+σ)

Equivalently,
h2 (s) − h2 (t) = h2 (s + ρ + σ) − h2 (t + σ)

(14)

h1 (s) − h1 (t) > [≥] h1 (s + ρ + σ) − h1 (t + σ).

(15)

and
Note that ln D1 (D2−1 (ez )) (strictly) convex in z on (−∞, 0] is equivalent to h1 ◦ h−1
2
(strictly) convex in z on (−∞, 0]. In other words, h1 is a (strictly) convex transformation of
h2 . By Lemma 4 this conclusion contradicts equation (14) and inequality (15). Therefore,
not (i) implies not (ii).
Secondly, we need to demonstrate that (i) implies (ii). Using the previously introduced
notation, we show that for every for every s, t, σ and ρ satisfying
0<t<s≤t+σ <s+σ+ρ
the equation
h2 (s) − h2 (t) = h2 (s + σ + ρ) − h2 (t + σ)
implies
h1 (s) − h1 (t) ≤ [<] h1 (s + σ + ρ) − h1 (t + σ).
As h1 and h2 are decreasing functions, this proves that h1 is a (strictly) convex transformation of h2 . Assume that 0 ≤ t < s ≤ t + σ < s + σ + ρ such that
h2 (s) − h2 (t) = h2 (s + σ + ρ) − h2 (t + σ).
By definition of hi = ln Di this expression is equivalent to
D2 (s + σ + ρ)
D2 (s)
=
∈ (0, 1).
D2 (t)
D2 (t + σ)
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As u2 is continuous, we can choose 0 < x0 < y 0 such that:
D2 (s)
D2 (s + σ + ρ)
u2 (x0 )
=
=
.
D2 (t)
D2 (t + σ)
u2 (y 0 )
Therefore, D2 (t)u2 (x0 ) = D2 (s)u2 (y 0 ) and D2 (t + σ)u2 (x0 ) = D2 (s + σ + ρ)u2 (y 0 ). This
means that (x0 , t) ∼2 (y 0 , s) and (x0 , t + σ) ∼2 (y 0 , s + σ + ρ).
Analogously, because u1 is continuous, we can choose x, y such that:
u1 (x)
D1 (s)
=
∈ (0, 1).
D1 (t)
u1 (y)
Hence, (x, t) ∼1 (y, s).
But according to (i), if (x0 , t) ∼2 (y 0 , s), (x0 , t + σ) ∼2 (y 0 , s + σ + ρ) and (x, t) ∼1 (y, s)
then (x, t + σ) 41 [≺1 ] (y, s + σ + ρ). The latter is equivalent to:
D1 (s + σ + ρ)
u1 (x)
≥ [>]
.
D1 (t + σ)
u1 (y)
It follows that

D1 (s + σ + ρ)
D1 (s)
≤ [<]
,
D1 (t)
D1 (t + σ)

which is equivalent to
ln D1 (s) − ln D1 (t) ≤ [<] ln D1 (s + σ + ρ) − ln D1 (t + σ)
or
h1 (s) − h1 (t) ≤ [<] h1 (s + σ + ρ) − h1 (t + σ).
Therefore,
h2 (s) − h2 (t) = h2 (s + σ + ρ) − h2 (t + σ)
implies
h1 (s) − h1 (t) ≤ [<] h1 (s + σ + ρ) − h1 (t + σ)
whenever 0 ≤ t < s ≤ t + σ < s + σ + ρ. Hence, by Lemma 4, h1 is a (strictly) convex
transformation of h2 .

A.3

Example 5: Omitted details

0
Gurland and Sethuraman ([13, Corollary 2]) establish that rD
(t) ≤ [<]0 iff


2
Q1 (t)
t
ρe ≤ [<]
ρet − 1
Q1 (t) + Q2 (t)

where Qi = λi Di . Let


Q1 (t)
f (t) =
Q1 (t) + Q2 (t)
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2
ρet − 1 − ρet

A necessary condition for rD to be strictly decreasing is f (0) ≥ 0, which is equivalent to
λ1 ≥

ρ
(ρ − 1)2

(16)

We will show that (16) also suffices.
Using the facts that Q01 (t) = −Q1 (t) and Q02 (t) = −ρet Q2 (t), straightforward calculations give:



h
i

3
Q1 (t)
Q1 (t)Q2 (t)
0
t 2
t
f (t) = f (t) + ρe − 1
+ ρe − 1
Q1 (t) + Q2 (t)
(Q1 (t) + Q2 (t))2
Since
h

ρe


t 2

i
−1

Q1 (t)
Q1 (t) + Q2 (t)



3
+ ρe − 1
t



Q1 (t)Q2 (t)
(Q1 (t) + Q2 (t))2


> 0

for all t ≥ 0, we see that f 0 (t) > 0 for all t > 0 if f (0) ≥ 0, which is equivalent to (16).
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